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Objectives: Prove analytically for a specific example
@ Existence of riddled basin
@ Calculations of stability index
Outline:
@ Piecewise linear (PWL) skew product map
@ Boundary between basins
@ Prove existence of riddled basin
@ Stability index (point & attractor)

@ Non-convergence of stability index
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Motivations
@ Understanding riddled basins of attraction.

@ Using stability index to quantify local geometry of riddled
basin of attractor.

@ The results on stability index for our PWL map inspired by
Keller (2014) (we use different method).

Related works for riddled basins
o Ott et al. (1994).
@ Ashwin et al. (1998), Ashwin (2005).
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The PWL model

We consider the skew product transformation in the unit square
(6,x) € [0,1]?

F(0,x) = (Ts(0), h(6,x)) (1)
where the chaotic base map
0 if0<6<s,
Ts(0) = { (59 —s)(1—s)! ifs<O<1, (2)

is the skewed doubling map and the fibre map

min(yx,1) if0<6 <sandx <1,
h(f,x) =1 dx ifs<f<landx<1, (3)
1 if x =1,

where 0 <s<1l,v>1,0<9 <1 NB~and§ are expansion and
contraction resp. We study the special case v = 1/§.
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@ From (3), x =0 and x = 1 are invariant sets.
@ Thus, we denote
Ap = [07 1] X {O}a
= [0,1] x {1},

where Ap and A; are disjoint compact invariant sets.

@ The basins are

By := B(Ao)
By := B(A1)

(0,x): d(F"(0,x),A0) — 0as n— oo},
(0,x): d(F"(0,x),A1) — 0as n— oo}.

{
{

@ Ap and A; are attractors.
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Basins of attraction
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Figure: Numerical approximation of the basins of attraction with § = 0.8
and s = 0.49 for map F. Black region is By and orange region is B;. NB
By N By = 0.
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@ Since our base map is Markov we can divide [0, 1]? using the
following partition:

0,1 = [ X«
k=1

where
X = X1 UXk,z,
Xk,l - [075] X [5k76k_1]7
Xk,2 — [57 1] X [6k’5k_1]a

where U denotes the disjoint union.
@ Actions of map F:

F(Xk1) = Xk—1 for k > 2, (4)
F(X]-,l) = A17 (5)
F(Xk2) = X1 for k > 1. (6)
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Actions of map F

X
1 — A,
X X
5 1 1
52 Xo1 X22
: Xa1 X3
5 .
be) /A 0
0
0 S 1

Figure: The schematic diagram for map F (1).

E

7N

Figure: The effect of F on Xj 1 for kK > 2.
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Actions of map F contd.

Ay

Figure: The effect of F on X1 1: F(X11) = As.

Figure: The effect of F on Xy o for k > 1.
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Boundary between By and B;

@ We consider [s, 1] C [0, 1] and investigate frequency of an
orbit of # € T under T(6) visit the right interval.

@ Define k( )
|0 ifTH) <s,
mi(0) := { 1 if TH(0) > s, (7)

@ Then define # of first N points that the orbit of  lies in [s, 1]:

I'N(Q) = nk(G) (8)
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Boundary between By and B; contd.

@ We assume A supports an ergodic Ts-invariant measure fi.

@ For any ergodic measure 1 € P(Ty)

lim Ilelg) = /1 du(f) for p—a.a. 6. (10)

N—oo

@ Example: For Lebesgue measure

=1—s5 forf—a.a.é.

Definition

The basin boundary is defined as follows:

N . N—2in(0)
poll) = Jf {5}
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Riddled basins: definitions

@ Introduced by Alexander et al. (1992).

Definition
A Milnor attractor A has a riddled basin if for all x € B(A) and
e > 0, then
U(B:(x) N B(A))(B:(x) N B(A)°) > 0. (11)

@ Specific case:

Definition

The basin of a Milnor attractor Ag is riddled with the basin of a
second Milnor attractor Ay, if for all e > 0 and x € By,

¢(B:(x) N By) > 0 and ¢(B.(x) N By) > 0. (12)
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Schematic diagram

orbit attractor C
k (off N)

y invariant subspace N
/ containing A

attractor A
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Proofs: existence of a riddled basin By

Forany 0 <6 <1 ands < 1/2, By is riddled with By .

Required 4 steps of proofs:

@ The union of By and Bj is full measure.

Theorem

Forany0<0<1 0<s<1,s#1/2 and almost all 0,
(i) ifxo < Poo(B) then (6,x0) € By,
(il) ifxo > Poo(B) then (0,x0) € B.

Hence ¢(By U By) = 1.
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Proofs: existence of a riddled basin By contd.

o If s <1/2, both basins have positive measure, i.e. ¢(By) > 0
and ¢(By) > 0.

@ Show B is dense in [0, 1]2.

@ Show Bj has positive measure on any neighbourhood in
[0, 1]2.
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Stability index o

@ Introduced by Podvigina and Ashwin (2011).

@ To characterize local geometry of basins of attraction for
heteroclinic cycles.

o Keller (2014) - for chaotically driven concave maps.

@ Our case: characterize local structure of riddled basin in PWL
map - for point & attractor
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Stability index at point (¢, 0)

@ For a point 6 € [0,1] and € > 0, define
{(B(0) N Bo)

Y.(0) = WB.(0)) (13)
e _ U(B:(8) N By)
1-%.(0) = B0 (14)
where 0 < ¥.(0) < 1.
@ Then the stability index at 6 is defined to be
o(0) := 04(0) — o (0), (15)
where
. . log(XZ:(0)) L log(1 —X.(0))
0 i [ o0 i [MEGEER]

as long as these limits converge.
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Results - for any measures 1

P(Ts) - the set of all ergodic measures for the map T5(#) such
that p € P(Ts).

Theorem

Fors <1/2,any0 <6 <1 and any p € P(Ts), for p-almost all ;

s A(8)=X . (6 g
R ( ||(/\)”(0)¢( )> >0 'f)‘ll(g) —A1(0) >0,

o(6,0) = Iog5_
(6.0) (W) <0 i X(0) — AL(6) < 0,
(16)
where § = 5250 < § and where A (0) and A1 (0) are the Lyapunov
exponents in the base direction and fibre direction respectively.
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Express our ¢ in terms of Lyapunov exponents for PWL map F.

Lemma

Suppose t := fos du(0). Then the Lyapunov exponent in the base
direction is

A|(0) = —tlogs — (1 — t)log(1 — s).

Lemma

| A

Suppose t := |5 du(0). Then the Lyapunov exponent in the fibre
direction is

AL(0) = (1—2t)logé.
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Results - for a special case j = (*

NBt=[5dl=s.

Fors <1/2, any0 <4 <1 and ¢* € P(Ty),
(i) For (*-almost all §, we have 0 with positive stability index,
ie. o(0,0) >0,
(i) There exists a 0 with negative stability index (i.e.
0(6,0) < 0) if and only if 6 < s.
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Basins of attraction with corresp. o:

(a) o > 0 for £ -almost all 6.

(b) o <0 for some § < § < s.
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(a) 6 =0.8 and s = 0.49.
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(b) 6 =0.3 and s = 0.49.
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Results: o vs. parameter ¢

1.2

tanh(o)

Figure: The stability index o(6,0) over parameter 6 = 0.01,...,0.99 and
fixed value s = 0.49 for a typical point § = 0.9643. NB tanh(c) =1
represents the index o = +o0.
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Stability index for attractor Ag

o Let Agp = [0,1] x {0} be an invariant set and let € > 0. We

define
L (a0) = g ) (a7)
so that
1 -5 (Ag) = UB(A) N B (18)

E(BE(AO)) ,
where 0 < ¥ (Ap) < 1.

@ Then the stability index for the invariant set Ag is defined to
be
(Ao, Bo) := 04.(Ao) — 0—(Ao), (19)

which exists when the following converge:
A log(1 — X.(A
J_(AO) ‘— |im M) 0-+(A0) — |im Og( 8( 0))

e—0 loge e—0 log e
(20)
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Bo

Figure: The schematic diagram showing the neighbourhood of the
attractor Ag = [0,1] x {0}. By is the basin for Ag.
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Fors <1/2,any0<d§ <1 ande >0,

logd — log &
o(4o) = log &

where Ag is the attractor at the baseline.

Corollary

Fors <1/2,any0 <6 <1 and any u € P(Ts), for u-almost all §;

A(0)=AL(0)

0(6,0) = - I

where o(Ao) is the stability index of Ag.

\
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Results: Non-convergence of o

Suppose 0 is such that

. In
lim sup
N—oo N—oo

v . . . in(0)
—= £ I|m|anT.

Then o(6,0) will not converge.
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o Stability index as a bifurcation tool for riddled basins.

@ For the case of riddled basin,
@ For Lebesgue almost all points in the invariant set, the stability
indices are positive.
@ There may be some points in the invariant set that have
negative stability index (iff 0 < s).
@ Corollary - stability index of a point formulated in terms of
Lyapunov exponents and the stability index for a set (Loynes’
exponent in Keller's paper).

@ However, there are also some points for which the limits of
stability indices do no converge.
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The results for the stability indices are restricted to one
example of a PWL map.

We compared our result with Keller's stability index.

Keller's results more general - uses powerful techniques of
thermodynamic formalism to obtain o.

Our interest - to see whether these techniques can be
generalized to understand stability index in other (e.g.
non-skew product) cases.
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