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Introduction
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Reaction diffusion system

One-dimensional reaction-diffusion system:

ou d%u
9 = Dﬁ +f(u), (x,t)€][0,+00) x [0,4+00)
U(X,O) = Ur + Ustim(X)7

Duy (0,t) = —Istim(t)

u € RY — d-component reagents field,

U, — resting state, D — diagonal diffusion coefficients

Ustim(x) — initial perturbation,
i.e., Ustim(x) = UstimH (x, Xstim), ~ H— shape of initial
perturbation,

f (u) — kinetics specifying the local dynamics,

(1)
()
(3)
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For some chosen I.C. and B.C, the solution of the system as
t—o00:

e "decay" — solution s.t. max, u(x,t) — U,

e "initiation" — solution s.t. maxy |[u — U (x —ct —A)| — 0
where U (x — ct — A)- the propagation wave solution, ¢ # 0
— wave propagation speed, A —arbitrary constant defining the
parameter of the family.

decay initiation critical curve
w+0.01¢ Us initiation

o

BN

1

2
.5
1
.5
§

10 20

Figure : Initiation of excitation in ZFK equation[1]
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Formulation

Only one of Ustim(x) and Isjm(t) is taken as nonzero:
e Stimulation by voltage: Isim(t) =0,
Ustim(x) = UstimX(x) = Ustim® (xs — x) €
e Stimulation by current : Ustim(x) =0,
Istim(t) = Istim T (t) = Istim© (ts — t) €
ou 0%u

ot Daz+f()+h(x7t)7(x,t)€]R><]R+ (4)

u(x,0) = Ur 4+ us(x), h(x,t) =2lsaim® (ts — t) 0(x)

UstimX (x) x>0
us(—x) = us(x) = { UstimX(—x) :x<0
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Critical nucleus

Critical nucleus— time independent, unstable- nontrivial stationary
solution of o
s f (uer) =0 (5)
The importance of the critical nucleus:
@ It is a unique solution.
@ lts linearized spectrum has only one unstable eigenvalue(others
stable) and hence its stable manifold has codimension one.
@ It represent a threshold, the minimum stimulus needed to
perform an action potential, for propagation.
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Linear approximation of the stable manifold

We linearize our nonlinear equation around the critical nucleus
uer(x) by setting u(x, t) = ue(x) + v (x,t)

where v(x, t) is a perturbation satisfying |v| < 1. Linearized
problem:

0?2 of
Orv = Lv + h, ﬁzDW-i-F(X), F(X):%’u:ua(X)

v(x,0) = ur + us(x) — uer(x)
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Eigenfunctions of £ are determined via: LV;(x) = A;Vj(x).
General solution in the generalized Fourier series:

vixt) = Y a(O)Vi(x)
J
such that a;'s satify : % = \jaj + hj(t) where

o hi(t) = (W(x)[h(x,t)), 2;(0) = (W(x)|v(x,0))
o Scalar product—  (u(x) |v(x)) = [°% u(x) " v(x) dx

e W eigenfunctions of the adjoint operator, LT W, = \;W; ,
for scalar models LT = L.

e Eigenfunction normalized — (W Vi) = 6«
Equivalent form: a;(t) = eVt (aj(O) + Jo hi (7) e*’\deT) which
implies a1(0) + [5* h1 (7) e™M7d7T =0
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Hence, we have

(Wi 0s()) + [ (VAG0) [ x,7)) dr = (VA(0) () — )

Strength-extent curve: For t; = 0, e fixed vector, and
us(x) = UsX(x) = Us© (xs — x) © (xs + x) e, we have:

— fOOO Wl(X)T (ucr(X) — Ur) dx

Us Jo Wa(x)Te dx

Strength-duration curve: For us = 0 and
h(x) = h(x,t) = 2/,© (t; — t) 6(x)e, we have

[ — [ [ A foS WA(x)T (uer(x) — up) dx
T I—exp(—Aits) " Wi(0)Te
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Quadratic approximations

For simplicity, we write RDS in the following Einstein's summation
convention form (Greek letter-component of the RDS):

ou®

0?uP
af «
ot =b Yo f ( )
e Transformation—  u® (x,t) = vl (x) + v*(x,t),
52,8
o ul(x)- stationary sol. : DO‘B% +f*(ue) =0
e RDS - DO‘BVXX—I—fg(ucr)vﬁ—F%fQ (ue) VPV 4 - -
° Eigenfunctions normalized— (W, |Vi) = 6«
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Seek solution in the generalized Fourier series form:

v (x. 1) = Y ai(t) Vi (x)

Jj

@ Fourier coefficients—
aj(t) = (Wj(x) |v(x, 1)) = [Zo, WP (x)ve (x, t) dx,
o Time differentiation of a; : a; = A\ja; + Zmy,, B{n,naman
where '
Bhnn = Bhim = 5 2% WP ()73, (ter(x)) Va(x) V3 ()dx
@ Initial values of Fourier coefficients —

Aj = a3j(0) = [75, W (x)v(x,0)dx
@ Nonlinear ode results in— '
3j(t) = eVt (Aj+ J§ €T Sy Bnnam (7) an (7) d7 )
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Direct iteration method to solve the system:
. t . . .
A0 = e (AJ- + [ eSS B3 (1)) (7) dT> (6

o Taking a( ) — 0, first iteration— aj(l) = AjeAft = A; =0,
A € R, j #1
which corresponds to the linear approximation.

@ Second iteration :

O (A+Z BTHAA/\)

m,n#1

- Z Bm,nAmAn e()\m_t,_)\n)t
] Aj = Am— Ap

(2)

a;”’(t) — 0 gives a quadratic equation in terms of us

Bm nAmAn
Ay — — _—m,n"'m"’n
! 2. PV

m n-£41
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Zeldovich-Frank Kamenetsky equation

One component ZFK equation has:
@ the kinetics— f(u) = u(u—0)(1— u)

initial condition — v (x,0) = us© (xs — x)
Boundary condition— (0, t) = —1s© (ts — t)
Critical nuclues solution—
30v/2
uy (x) =

(1+0) V2 + cosh (x/8) V2 = 50 + 267

Linearization near crit.nuc.
a2 .
vi = Lv, where L= & + {%}

u=uy(x)
Eigenfunction— v (x, t) = 3372, ajeM'¢y(x), a1 #0
as t — 00 = v (x, t) &~ areMigi(x) = ¢1(x) = ‘;238

Eigenvalue— X\ = w, least square method can
be used to get rid of a;.
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Analytical expressions

Strength-extent curve

fooo d1(x)us(x)dx

@ Linear-  us(x5) = sz $1(x)dx
0

2
@ Quadratic(First two eigenpair only)- A; = —/\?25;‘)2\2, where

L 61063 (U)o dx

@ By =

2([ ¢l 2] '
' (0) =1 (x) 1 (x)dx S (u0)— . ()2 (x)dx
° A= ] o A= el

@ Employing these gives — A2 + Nous + N3 = 0 where

(f $10B2()F (u()) [ u= u*dx) (f ¢2(x)dx)

(M—220)[l92]1*

4(]1:5 ¢2(x>dx) (f Ui (X) b2 (%) x) (f $1692209F" (50 = dx)

Ny =

= [ dx —
N fo b1(x)dx (1—2x0)[[eal*

L
o 2(]; s (x) o ( X)dx> (f P1(x ) () | u=uy dX)
2T (M- 2*2)H¢2H4 B f“

U (x) 1 (x)dx
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Strength-duration curve

. A oo¢ X )y (x)dx
o Linear— [ (t5) = Iihts/fv Ien = Lo ¢11((0)) = '

l1—e
= ()"

e Quadratic(First two eigenpair only)—
Nal? + Nsls + N = 0, where

° N4:4B§2{¢3<o> <e(2*2h>f51 gl )y 1) _
2

M1 Aa—A1 A1
e(2-2)ts [ $2(0)(e 255 —1) 2
22—\ A2 '
(2A2—A1)ts( —xzrs_l) (A2=21)ts
. 1 e e 2 1 —1
o Ns = 4522/42(252(0){ X (2h—1) ~ R
e2)i_y | 261(0)(e P15 1)
X2 (2h2—A1) AL '

o&:—Li%ﬁ@l,hU:LZ
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Numerical methods

° Discretization formula for the ZFK equation—

Uit = o (U =20/ + UL,) + AU (1= 1)) (U] - 6),

@ Numerical solutlon of vi = Lv— VTl =T,
_(_at — tridi _

T = ((A 7 Ti+ 14+ At [ ”}uzu*(x))' T, = tridiag(1,—2,1)
e Eigenfunctions (Gram-Schmidt)— For some chosen

orthonormal basis {x1,- - ,x,} we use FDM to get

xtt = Tx{, ™ = T and hence

(bl =X1,"" ", Pn = Xp — <Xn ’XI > X1 — - <Xn |Xn—1 > Xn—1

@ Trapezoidal rule to calculate integrals—
h(0,L) = fy d1(x)ux(x)dx =
521 [61(0)u(0) + d1(L)un (L) + 21 61 (k) u. (KAx)|
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McKean model has

the kinetics—=  f(v) = —u+0©(v—a)
Critical nucleus— ()
cosh(x

wo(x) = 4 17 (1 ot

aexp (x. — x), X < X,

1 1
Xe = 3 In (1723)

X < Xy,
, Where

McKean Model
°

Linearization about crit. nuc. v; = vy + ( 1+ 3(x= X*)) v

Solution in the form v (x, t) = e*¢(x) = Lo = Ao,

2
L= d(i@ — 1+ 15 (x—x)
Eigenfunction —

] cosh(kx), X < Xy,
(bl(X) - { cosh (kX*) ek(x*—x), Xe < X,

2
Wo %In%a ja_1/2a
Eigenvalue- X\ = 2—13 + (2 (Iln(z)l(l)2 ) ) _1.
1-2a

where W, is the Lambert W function satisfying
z= Wg(z)eWO(z).



McKean Model
°

Numerical methods

@ Finite difference discretization formula for the McKean model—

U= U 8 (U 20 ) A (U0 (U 3))

@ Finite element method- A% + (A + B — %C) o = 0 where
(x = xi—1) /h,  x € [xi—1, xi]
q)j (X,') = (X,'_|_1 — X) /h, X € [X,',X,'J,_l]
0, otherwise

A= [a)] = /0 " 01(x); (x)dx = tridiag(Dx/6,2Ax /3, D 6),
B = [bij] = /OL i (x)P(x)dx = tridiag(—1/Ax,2/Ax, —1/Ax)

L
C=[aj]= /0 5 (x — x.) Di(x);(x)dx = & (x.) B; (x.)



Linearized approximation results

Finite difference: frozen solution phenomenon
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Quadratic approximation results

We proceed as follows:

o Finding the general form of left eigenfunctions (A = —1 — u?)

G (x) = { —ap cos (ux), X < Xy
AT — [ap 4 sin (ux« ) cos (pxs )] cos (ux) + cos? (pxs ) sin (px), Xs < X,

@ Obtaining transcendental equation via boundary, contunuity,
matching conditions
h(p) == tan (ul) — tan (ux.) — cos2a(l;x*) =0.

o Finding eigenvalues from the transcendental equation and
employing them into quadratic approximation expression

@ How to choose the parameter L? When p — 0 and L — oo
we have ;1 ~ L~ such that ul = O(1) , px. — 0,
cos (puxx) ~ 1, sin (ux,) ~ ux.. Hence our transcendental
equation reduces to tan (1) = %1 where ) = pL. For any
positive integer n we define 1. = nm + €, for |e,| < 1. Thus,

we have = = IF (1 4 24%) ~ O,
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