
Outline Introduction Analytical theory ZFK Equation McKean Model

Dynamics Reading Group
Initiation of excitation fronts

Burhan Bezekci

advised by

Professor Vadim Biktashev

College of Engineering, Mathematics and Physical Sciences

Wed 21 May, 2014



Outline Introduction Analytical theory ZFK Equation McKean Model

1 Introduction
Formulation
Critical nucleus

2 Analytical theory
Linear approximation
Quadratic approximations

3 ZFK Equation
Numerical methods
Results

4 McKean Model
Numerical methods
Linearized approximation results
Quadratic approximation results



Outline Introduction Analytical theory ZFK Equation McKean Model

Reaction diffusion system

One-dimensional reaction-diffusion system:

∂u
∂t = D ∂

2u
∂x2 + f (u) , (x , t) ∈ [0,+∞)× [0,+∞) (1)

u (x , 0) = Ur + Ustim(x), (2)
Dux (0, t) = −Istim(t) (3)

u ∈ Rd – d-component reagents field,
Ur – resting state, D – diagonal diffusion coefficients
Ustim(x) – initial perturbation,
i.e., Ustim(x) = UstimH (x ,Xstim), H– shape of initial
perturbation,
f (u) – kinetics specifying the local dynamics,
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For some chosen I.C. and B.C, the solution of the system as
t →∞ :

"decay" – solution s.t. maxx u (x , t)→ Ur

"initiation" – solution s.t. maxx |u − U (x − ct −∆) | → 0
where U (x − ct −∆)– the propagation wave solution, c 6= 0
– wave propagation speed, ∆ –arbitrary constant defining the
parameter of the family.
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Figure : Initiation of excitation in ZFK equation[1]
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Formulation

Only one of Ustim(x) and Istim(t) is taken as nonzero:
Stimulation by voltage: Istim(t) = 0,
Ustim(x) = UstimX (x) = UstimΘ (xs − x) e
Stimulation by current : Ustim(x) = 0,
Istim(t) = IstimT (t) = IstimΘ (ts − t) e

∂u
∂t = D ∂

2u
∂x2 + f (u) + h (x , t) , (x , t) ∈ R× R+ (4)

u (x , 0) = Ur + us(x), h(x , t) = 2IstimΘ (ts − t) δ(x)

us(−x) = us(x) =

{
UstimX (x) : x ≥ 0
UstimX (−x) : x < 0
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Critical nucleus
Critical nucleus– time independent, unstable- nontrivial stationary
solution of

D ∂
2ucr
∂x2 + f (ucr ) = 0 (5)

The importance of the critical nucleus:
It is a unique solution.
Its linearized spectrum has only one unstable eigenvalue(others
stable) and hence its stable manifold has codimension one.
It represent a threshold, the minimum stimulus needed to
perform an action potential, for propagation.
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Linear approximation of the stable manifold

We linearize our nonlinear equation around the critical nucleus
ucr (x) by setting u (x , t) = ucr (x) + v (x , t)
where v(x , t) is a perturbation satisfying |v | < 1. Linearized
problem:

∂tv = Lv + h, L = D ∂2

∂x2 + F (x) , F (x) =
∂f
∂u |u=ucr (x)

v (x , 0) = ur + us(x)− ucr (x)
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Eigenfunctions of L are determined via: LVj(x) = λjVj(x).
General solution in the generalized Fourier series:

v (x , t) =
∑

j
aj(t)Vj(x)

such that aj ’s satify : daj
dt = λjaj + hj(t) where

hj(t) = 〈Wj(x) |h(x , t)〉 , aj(0) = 〈Wj(x) |v(x , 0)〉
Scalar product– 〈u(x) |v(x)〉 =

∫∞
−∞ u(x)>v(x) dx

Wj– eigenfunctions of the adjoint operator, L+Wj = λjWj ,
for scalar models L+ = L.
Eigenfunction normalized – 〈Wj |Vk 〉 = δj,k

Equivalent form: aj(t) = eλj t
(
aj(0) +

∫ t
0 hj (τ) e−λjτdτ

)
which

implies a1(0) +
∫ ts

0 h1 (τ) e−λ1τdτ = 0
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Hence, we have

〈W1(x) |us(x)〉+

∫ ts

0
e−λ1τ 〈W1(x) |h (x , τ)〉 dτ = 〈W1(x) |ucr (x)− ur 〉

Strength-extent curve: For ts = 0, e fixed vector, and
us(x) = UsX (x) = UsΘ (xs − x) Θ (xs + x) e, we have:

Us =

∫∞
0 W1(x)> (ucr (x)− ur ) dx∫ xs

0 W1(x)>e dx

Strength-duration curve: For us = 0 and
h(x) = h (x , t) = 2IsΘ (ts − t) δ(x)e, we have

Is =
Irh

1− exp (−λ1ts)
, Irh =

λ1
∫∞

0 W1(x)> (ucr (x)− ur ) dx
W1(0)>e
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Quadratic approximations

For simplicity, we write RDS in the following Einstein’s summation
convention form (Greek letter-component of the RDS):

∂uα
∂t = Dαβ ∂

2uβ
∂x2 + f α

(
uβ
)

Transformation– uα (x , t) = uαcr (x) + vα (x , t),

uαcr (x)– stationary sol. : Dαβ ∂2uβcr
∂x2 + f α (ucr ) = 0

RDS – v̇α = Dαβvβxx + f α,β (ucr ) vβ + 1
2 f

α
,βγ (ucr ) vβvγ + · · ·

Eigenfunctions normalized– 〈Wj |Vk 〉 = δj,k
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Seek solution in the generalized Fourier series form:

vα (x , t) =
∑

j
aj(t)V α

j (x)

Fourier coefficients–
aj(t) = 〈Wj(x) |v (x , t)〉 =

∫∞
−∞W α

j (x)vα (x , t) dx ,

Time differentiation of aj : ȧj = λjaj +
∑

m,n B
j
m,naman

where
Bj

m,n = Bj
n,m = 1

2
∫∞
−∞W α

j (x)f α,βγ (ucr (x))V β
m(x)V γ

n (x)dx
Initial values of Fourier coefficients –
Aj = aj(0) =

∫∞
−∞W α

j (x)vα(x , 0)dx
Nonlinear ode results in–
aj(t) = eλj t

(
Aj +

∫ t
0 e−λjτ

∑
m,n B

j
m,nam (τ) an (τ) dτ

)
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Direct iteration method to solve the system:

a(i+1)
j (t) = eλj t

(
Aj +

∫ t

0
e−λjτ

∑
m,n

Bj
m,na(i)

m (τ) a(i)
n (τ) dτ

)
(6)

Taking a(0)
j = 0, first iteration– a(1)

j = Ajeλj t ⇒ A1 = 0,
Aj ∈ R, j 6= 1
which corresponds to the linear approximation.
Second iteration :

a(2)
j = eλj t

Aj +
∑

m,n 6=1

Bj
m,nAmAn

λj − λm − λn


−

∑
m,n 6=1

Bm,nAmAn
λj − λm − λn

e(λm+λn)t

a(2)
1 (t)→ 0 gives a quadratic equation in terms of us

A1 = −
∑

m,n 6=1

Bm,nAmAn
λ1 − λm − λn
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Zeldovich-Frank Kamenetsky equation
One component ZFK equation has:

the kinetics– f (u) = u (u − θ) (1− u)

initial condition – u (x , 0) = usΘ (xs − x)

Boundary condition– ux (0, t) = −IsΘ (ts − t)

Critical nuclues solution–

u∗ (x) =
3θ
√
2

(1 + θ)
√
2 + cosh

(
x
√
θ
)√

2− 5θ + 2θ2

Linearization near crit.nuc.
vt = Lv , where L = ∂2

dx2 +
[
∂f
∂u

]
u=u∗(x)

Eigenfunction– v (x , t) =
∑∞

j=1 ajeλj tφj(x), a1 6= 0
as t →∞⇒ v (x , t) ≈ a1eλ1tφ1(x)⇒ φ1(x) ≈ v(x ,t)

v(0,t) .

Eigenvalue– λ1 = ln(v(0,t))−ln(a1)
t , least square method can

be used to get rid of a1.
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Analytical expressions
Strength-extent curve

Linear– us (xs) =

∫∞
0

φ1(x)u∗(x)dx∫ xs
0
φ1(x)dx

Quadratic(First two eigenpair only)– A1 = − B22A2
2

λ1−2λ2
, where

B22 =

∫ L

−L
φ1(x)φ2

2(x)f ′′(u(x))|u=u∗dx

2‖φ1‖‖φ2‖2 ,

A1 =

∫ L

−L
(u(x ,0)−u∗(x))φ1(x)dx

‖φ1‖ , A2 =

∫ L

−L
(u(x ,0)−u∗(x))φ2(x)dx

‖φ2‖

Employing these gives – N1u2
s +N2us +N3 = 0 where

N1 =

2

(∫ L

0
φ1(x)φ2

2(x)f ′′(u(x))|u=u∗dx

)(∫ xs
0

φ2(x)dx

)2

(λ1−2λ2)‖φ2‖4 ,

N2 =
∫ xs

0
φ1(x)dx −

4

(∫ xs
0

φ2(x)dx

)(∫ L

0
u∗(x)φ2(x)dx

)(∫ L

0
φ1(x)φ2

2(x)f ′′(u(x))|u=u∗dx

)
(λ1−2λ2)‖φ2‖4

N3 =

2

(∫ L

0
u∗(x)φ2(x)dx

)2(∫ L

0
φ1(x)φ2

2(x)f ′′(u(x))|u=u∗dx

)
(λ1−2λ2)‖φ2‖4 −

∫ L

0
u∗(x)φ1(x)dx
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Strength-duration curve

Linear– Is (ts) = Irh
1−e−ts/τ , Irh =

λ1
∫∞

0 φ1(x)u∗(x)dx
φ1(0) ,

τ = (λ1)−1

Quadratic(First two eigenpair only)–
N4I2s +N5Is +N6 = 0, where

N4 = 4B1
22

{
φ2(0)
λ2

(
e(2λ2−λ1)ts−1

2λ2−λ1
− 2 e(λ2−λ1)ts−1

λ2−λ1
− e−λ1ts−1

λ1

)
−

e(2λ2−λ1)ts

2λ2−λ1

(
φ2(0)(e−λ2ts−1)

λ2

)2 }
,

N5 = 4B1
22A2φ2(0)

{
e(2λ2−λ1)ts (e−λ2ts−1)

λ2(2λ2−λ1) − e(λ2−λ1)ts−1
λ2(λ2−λ1) +

e(2λ2−λ1)ts−1
λ2(2λ2−λ1)

}
−2φ1(0)(e−λ1ts−1)

λ1
,

N6 = − B1
22A2

2
2λ2−λ1

+ A1,

Aj = −
∫ L
−L u∗(x)φj (x)dx

‖φj‖ , forj = 1, 2.
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Numerical methods

Discretization formula for the ZFK equation–
U j+1

i = U j
i + ∆t

(∆x)2

(
U j

i−1 − 2U j
i + U j

i+1
)

+ ∆t · U j
i
(

1− U j
i
) (

U j
i − θ

)
,

Numerical solution of vt = Lv– v j+1 = Tv j ,
T =

(
∆t

(∆x)2T1 + 1 + ∆t
[
∂f
∂u

]
u=u∗(x)

)
, T1 = tridiag(1,−2, 1)

Eigenfunctions (Gram-Schmidt)– For some chosen
orthonormal basis {x1, · · · , xn} we use FDM to get
x j+1

1 = Tx j
1, · · · x

j+1
n = Tx j

n and hence
φ1 = x1, · · · , φn = xn − 〈xn |x1 〉 x1 − · · · − 〈xn |xn−1 〉 xn−1

Trapezoidal rule to calculate integrals–
I1(0, L) =

∫ L
0 φ1(x)u∗(x)dx =

∆x1
2

[
φ1(0)u∗(0) + φ1(L)u∗(L) + 2

∑N−1
k=1 φ1 (k∆x1) u∗ (k∆x1)

]
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Results
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McKean model has
the kinetics– f (u) = −u + Θ (u − a)

Critical nucleus–

u0(x) =

{
1− (1− a) cosh(x)

cosh(x∗) , x < x∗,
a exp (x∗ − x) , x∗ < x ,

, where

x∗ = 1
2 ln

(
1

1−2a

)
Linearization about crit. nuc. vt = vxx +

(
−1 + δ(x−x∗)

a

)
v

Solution in the form v (x , t) = eλtφ(x) ⇒ Lφ = λφ,
L = d2

dx2 − 1 + 1
aδ (x − x∗)

Eigenfunction –

φ1(x) =

{
cosh(kx), x < x∗,
cosh (kx∗) ek(x∗−x), x∗ < x , ,

Eigenvalue– λ =

 1
2a +

W0

(
1
2a ln( 1

1−2a )( 1
1−2a )

−1/2a
)

ln( 1
1−2a )

2

− 1.

where W0 is the Lambert W function satisfying
z = W0(z)eW0(z).
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Numerical methods

Finite difference discretization formula for the McKean model–
U j+1

i = U j
i + ∆t

(∆x)2

(
U j

i−1 − 2U j
i + U j

i+1
)

+ ∆t ·
(
−U j

i + Θ
(

U j
i − a

))
,

Finite element method– Adû
dt +

(
A + B − 1

aC
)
û = 0 where

Φj (xi ) =


(x − xi−1) /h, x ∈ [xi−1, xi ]

(xi+1 − x) /h, x ∈ [xi , xi+1]

0, otherwise

A = [ai ,j ] =

∫ L

0
Φi (x)Φj(x)dx = tridiag(∆x/6, 2∆x/3,∆x/6),

B = [bi ,j ] =

∫ L

0
Φ′i (x)Φ′j(x)dx = tridiag(−1/∆x , 2/∆x ,−1/∆x)

C = [ci ,j ] =

∫ L

0
δ (x − x∗) Φi (x)Φj(x)dx = Φi (x∗) Φj (x∗)
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Linearized approximation results
Finite difference: frozen solution phenomenon
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Quadratic approximation results
We proceed as follows:

Finding the general form of left eigenfunctions
(
λ = −1− µ2)

φµ(x) =

{
−aµ cos (µx) , x < x∗,
− [aµ+ sin (µx∗) cos (µx∗)] cos (µx) + cos2 (µx∗) sin (µx) , x∗ < x ,

Obtaining transcendental equation via boundary, contunuity,
matching conditions
h (µ) := tan (µL)− tan (µx∗)− aµ

cos2(µx∗) = 0.
Finding eigenvalues from the transcendental equation and
employing them into quadratic approximation expression
How to choose the parameter L? When µ→ 0 and L→∞
we have µ ∼ L−1 such that µL = O(1) , µx∗ → 0,
cos (µx∗) ≈ 1, sin (µx∗) ≈ µx∗. Hence our transcendental
equation reduces to tan (η) = a+x∗

L η where η = µL. For any
positive integer n we define η∗ = nπ + εn for |εn| � 1. Thus,
we have µ = η∗

L = nπ
L
(
1 + a+x∗

L
)
≈ nπ

L .



Outline Introduction Analytical theory ZFK Equation McKean Model

-1

-0.5

0

0.5

h(µ)

0 0.5 1 µ

L=40x*

trans.
approx.

-1

-0.5

0

0.5

h(µ)

0 0.5 1 µ

L=100x*

trans.
approx.

0

2

4

6

u
s

0 0.3 0.6 0.9 x
s

1
st

 order

2
nd

 order

num.

0

0.5

1

1.5

2

I
s

0 0.5 1 1.5 2 2.5 t
s

a=0.32

1
st

 order

2
nd

 order

num.



Outline Introduction Analytical theory ZFK Equation McKean Model

Idris, I., and V. N. Biktashev.
Analytical approach to initiation of propagating fronts.
Physical review letters, 244101,2008.

G. Flores.
The stable manifold of the standing wave of the Nagumo
equation.
J. Differential Equations, 80:306–314, 1989.

H. P. McKean.
Nagumo’s equation.
Adv. Math., 4(3):209-223, 1970.


	Introduction
	Formulation
	Critical nucleus

	Analytical theory
	Linear approximation
	Quadratic approximations

	ZFK Equation
	Numerical methods
	Results

	McKean Model
	Numerical methods
	Linearized approximation results
	Quadratic approximation results


