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x ’ = y                                         
y ’ = − (alpha x2 + beta y2 − gamma) y − w2 x

w = 2
gamma = 1

 
alpha = 1,
beta = 1,
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x = y
y = −(αx2 +βy2 −γ )y−ω 2x
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x + (αx2 +β x2 −γ ) x +ω 2x = 0



x1 + (α1x1
2 +β1 x1

2 −γ1) x1 +ω1
2x1 = I12,

x2 + (α2x2
2 +β2 x2

2 −γ2 ) x2 +ω2
2x2 = I21,

I12 = (a1 + b1(x1 − x2 )
2 )( x1 − x2 ),

I21 = (a2 + b2 (x2 − x1)
2 )( x2 − x1),
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x1 = x3
x2 = x4
x3 = −(α1x1

2 +β1x3
2 −γ1)x3 −ω1

2x1 + (a1 + b1(x1 − x2 )
2 )(x3 − x4 )

x4 = −(α2x2
2 +β2x4

2 −γ2 )x4 −ω2
2x2 + (a2 + b2 (x2 − x1)

2 )(x4 − x3)
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φ = −Asinφ − 2Bsin2φ
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ü  To	
  characterize	
  the	
  dynamical	
  regimes	
  of	
  the	
  
HKB	
  model	
  in	
  terms	
  of	
  parameter	
  
dependence,	
  stability	
  and	
  transi<ons	
  
between	
  possible	
  states.	
  

ü Why	
  do	
  we	
  care	
  about	
  that?	
  

ü Why	
  is	
  this	
  important?	
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•  SoluBon	
  of	
  oscillator	
  is	
  a	
  circle	
  (S1)	
  
	
  SoluBon	
  of	
  two	
  coupled	
  oscillators	
  	
  
	
  is	
  on	
  a	
  torus	
  (S1XS1=T2)	
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Assume  xk (t) = rk (t)cos ωt +θk (t)( )  
        and xk (t) = −rk (t)ω sin ωt +θk (t)( )
Requires − rk (t) θk (t)sin ωt +θk (t)( )+ rk (t)cos ωt +θk (t)( ) = 0
(where k =1, 2)

Substitute in the HKB equations and solve for r1, r2, θ1,and θ2

Integrate each of these over a period 2π
ω

To find the fixed points, set equal to zero and solve for r1, r2, and φ  = θ1-θ2



r1 =
1
8
r1(4(a+γ )+ r1

2 (b−α −3βω 2 )+ 2br2
2 )− r2 (4a+ b(3r1

2 + r2
2 ))cosφ + br1r2

2 cos2φ( )

r2 =
1
8
r2 (4(a+γ )+ r2

2 (b−α −3βω 2 )+ 2br1
2 )− r1(4a+ b(3r2

2 + r1
2 ))cosφ + br2r1

2 cos2φ( )

φ = (r1
2 + r2

2 )
8

4a+ b(r1
2 + r2

2 )
r1r2

sinφ − bsin2φ
"

#
$

%

&
'

(1)	
  

Assuming that r1 = r2 = r⇒

r = 1
8

4r(a+γ )− 4r(a+ br2 )cosφ + r3(3b−α −3βω 2 + bcos2φ)( )

φ = a+ br
2

2
#

$
%

&

'
(sinφ − br

2

4
sin2φ

(2)	
  

Assuming that r1 = r2 = r = const.⇒

φ = a+ br
2

2
"

#
$

%

&
'sinφ − br

2

4
sin2φ(3)	
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φ = a+ br
2

2
!

"
#

$

%
&sinφ − br

2

4
sin2φ = 0 ⇒

φ1 = 0,  φ2 = π,  φ3 = ±arccos 2a+ br2

br2

!

"
#
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%
&
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r = 1
8
4r(a+γ )− 4r(a+ br2 )cosφ + r3(3b−α −3βω 2 + bcos2φ)( )

φ = a+ br
2

2
"

#
$

%

&
'sinφ −

br2

4
sin2φ
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Fixed points:
φ = 0,  r = 0 - stable if a < 0 and a < −γ

φ = 0,  r = ± 4γ
α +3βω 2  - stable if a < 0 and 4γ

α +3βω 2 > 0

φ = π,  r = 0 - stable if a > 0 and a < γ
2

φ = π,  r = ± 8a+ 4γ
α +3βω 2 −8b

 - stable if b > −aα +3βω 2

4γ
 and b < α +3βω 2

8

φ = ±arccos 2a+ br2

br2

"

#
$

%

&
',  r = 0 - stable if − br2 < a < 0 and a < −γ

φ = ±arccos 2a+ br2

br2

"

#
$

%

&
',  r = ± 4γ

α +3βω 2  - stable if − br2 < a < 0 and 4γ
α +3βω 2 > 0
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 = 0.1
 = -5

 = 0.1
 = -5

x1 = x3
x2 = x4
x3 = −(αx1

2 +βx3
2 −γ )x3 −ω

2x1 + (a+ b(x1 − x2 )
2 )(x3 − x4 )

x4 = −(αx2
2 +βx4

2 −γ )x4 −ω
2x2 + (a+ b(x2 − x1)

2 )(x4 − x3)
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 = 0.1 Hz
 = 0.1

 = 0.75 Hz
 = 0.1

 = 0.1 Hz
 = 0.1

 = 0.75 Hz
 = 0.1
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t
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t



 = 0.75 Hz
 = 0.05

 = 0.1 Hz
 = 0.05

 = 0.75 Hz
 = 0.05

 = 0.1 Hz
 = 0.05

\
 

t



 = 0.1 Hz
 = -0.5

 = 0.75 Hz
 = -5

 = 0.1 Hz
 = -0.5

 = 0.75 Hz
 = -5
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8
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2 (b−α −3βω 2 )+ 2br1
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Fixed points:

φ = 0,  r1,2 = 0,  r1 = r2,   r1 = −r2

φ = π,  r1,2 = 0,  r1 = r2,   r1 = −r2

φ = ±arccos 2a+ br2

br2

"

#
$

%

&
',  r1,2 = 0,  r1 = r2,   r1 = −r2  
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