Multiple oscillatory states in models
of collective neuronal dynamics

stability, and the role of connections
(networks)
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What is the place of Analytical
Models?
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Class models Z to the even power

dt

Z=x+1iy €

an, an_l, ann az, al

<€

A0:C+iw<

e(t) €

d
—Z = (ap|Z|"™ + an_1|1ZIP" 7% + -+ au|Z|* + a4|Z]* + Ag)Z + &(t)

is complex variable!
are real constant coefficients!

is a constant complex
coefficient!

is the complex input to the
system, eventually including
white noise components!



What we could do analytically?
Some remarks and ideas.
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_dtZ = (Al ZIP™" 4 an_1|Z|"" 2 + -+ ay|Z|* + a41Z)7 + AO)Z‘\+ e(t) )
\ /
A A

7 > e®z

Ll To analyze the stationary

L _ behavior of the solutions of
Our equation is invariant

g ) the equation, one may
under constant phase ignore the input &(t)!

rotations !
Writing our equation without £(t)
From our equation we can for variable Z, and the conjugate
derive two equations equation, we are receiving two
describing the time equations:
evolution of the radial and
angular components! V_l



What we could do analytically?
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T2 = (@n|ZIP" + @y 2P0 4+ a2 + @2 + A)B (8
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—Z= (nlZIP™ 4+ an1|ZIP"2 4+ -+ @l Z1* + a1 |Z|* + c + iw )Z

dtf = (@ |ZIP" + a1 |ZIP" 2 + o+ a,|Z|* + aq|Z)2 + c—iw)Z

—

ZaZ = (@, |Z|?" + ap 1 |1ZIP" 2 + -+ a,|Z|1* + a(|Z12 + c+ iw)ZZ

ZEE = (@ |Z|*" + a1 |1ZIP" 2+ -+ | Z|* + aq|Z)? + ¢ —iw)ZZ



What we could do analytically?
Real part

= d 2n 2n—2 4 2 : 7
ZaZ=(an|Z| + a,,_1|Z| + -+ alZ|*+alZ]"+c+iw)ZZ

d — 2n 2n—2 4 2 : 7
ZEZz(anIZI + a,_1|Z| + -+ ar|Z|*talZ|*+c—iw)ZZ

Z(t) =p)e*D;p =212 =2Z

Real part:

= d d 2n 2n—2 4 2 7
ZEZ+ZEZ=2(an|Z| + a,_4|Z] + -+ a)|Z|* + a(|lZ|*+c)ZZ

2P = 2p(anp™ + an_1p" ot app® + agpt + 0

F(p) = 2p(anp™ + an_1p" " + -+ ap® + a;p* +c)



What we could do analytically?
Real part

d
2P = 2p(@np™ + an_gp" N+ e+ agp® + agp’ + )
F(p) = 2p(anp™ + an_1p" " + -+ ap® + a;p* +c)

N _ The stationary solutions of the
Stab'!'ty ?f a stationary first equation, which is F(p) = 0
50'“"!9” is given by the corresponds to either a steady
condition: state at p = 0 or to limit cycles

for p > 0 if such solutions exist!

p(anp™ + an_1p™ '+ -+ azp® +a;p' +¢) =0

d
v
dpF(p)<0

| _ [d ] |
> ulp) = |-—F(p) < 0;
dp F(p)=0



What we could do analytically?
lmaginary part

—d _
ZEZ = (@, |Z]*" + a,_(|ZI*" %2 + -+ a,|Z|* + a|Z|? + c+iw)ZZ

d — 2n 2n—2 4 2 : 7
ZEZz(anIZI + a,_1|Z| + -+ ar|Z|*talZ|*+c—iw)ZZ

Z(t) = Hele®.p =712 =27
(t) =pt)e p = |Z] Finally:

Imaginary part: Ziz—zifzzl'pw de ZdZ_Z' d _ 9i
dt dt dt dt” = P TP
Calculating the derivatives RN
in the left side: [—¢ =
dt /’
ZEZ - ZEZ The last equation shows that the
. d . phase velocity, or rotational
— —ip(®) (] ip(t) ’
=p(t)e dt ( p(t)e ) frequency of the system is given
oo d : (for p > 0) by w, - the imaginar
_ i) = ( / —igp(t) P Y W, g Y
p(t)e dt( p(t)e ) part of the A, coefficient!



Application - Model Z to the fourth

{p=0pu=c}
d , o
-7 = (@]Z] .+A0)Z; {p= ol c}
Ay =c+iw; {ay,c}

. — a,; > 0 — unstable system
_ D, h— 712 = 77.
Z(t) =p)eV;p = |Z|? = 2Z; a,; < 0,c > 0 — one stable limit cycle (LC)

a,; < 0,c < 0 — one stable steady state (SS)
F(p) = 2p(aip + ¢);
d
A

:

p:F(p) =0=2p(a;p+c¢c)=0
=> p=0; p=—c/ay;

d

,uEdpF(p)<0=>4a1p+Zc<0;



2000

c=-0.5

4000

6000

2000

6000

2000

c=05

4000

6000

2000

c=1

4000

6000

2000

4000

6000

Application — single uni
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Application —single unit when cis
close to zero

a,=—-1, —0.1<c<0.1
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Application — single unit - Dependence
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Network Model
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Application — two coupled units

a; =—1,¢c=-0.09
1-no conn; 2-blue is conn. to green; 3-green is conn. to blue; 4-bidirectional conn.
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Application — 11 coupled units
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Application (c=-0.9)
11 coupled units
Network Dependence
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Application (c=-0.5)
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sl Application (c=-0.1)
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