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Cellular Membrane

Cellular membrane potential governed by equation:

v 1 N .

— = — | lyim(t) — L(V, X, Byyen
dt Cm st ( ) kgl k( ope )
V — membrane potential

Cm — membrane capacitance

lstim (t) — external stimulation current

/k(V,)?, Popen) — specific ion current

X (t) — ionic concentrations
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lon Channel (1/2)

From the Ohm'’s law:

I = GkPOpen(t)[\/(t) — Ek(Xk)] (2)

@ G, — maximum conductance of specific ion current
o Ex(Xk) — equilibrium voltage for specific ion (Nerst potential)

® Fpen(t) — open probability defined by one of the following ion
channel models:

o Gate model
e Markov chain model
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lon Channel (2/2)

e Gate model — Hodgkin, Huxley (1952)

dy;
dt

N
Popen(t) = H)/i(t) (4)
i=1

= a,i(V)(1 = y;) = Byi(V)yi (3)

where y; represents hypothetical gates; and transition rates
(yi(V), Byi(V)) are determined experimentally.
@ Markov chain model

dd -
Fr A(V)i (5)

Popen(t) = un(2) (6)

where 1 is open (conductive) state; and transition rates
matrix (A(V)) is determined experimentally.
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Sodium Channel Markov Chain (1/2)
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Figure : Transition rates in the range of physiological potentials.
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Sodium Channel Markov Chain (2/2)

S = T e U eV

do \
ar =apoP + avol — (aop + aou)O \
dpP P

T =agpQ + avpU + appO — (apg + apuy + apo)P

dQ

ar —ereR+areT +apeP — (agr + aor + aer)Q

dR

e =asrS + agr@ — (ars + are)R

ds

T =arsT + arsR — (asT + asr)S

dT

ar =agrQ + astS+ aurU — (are + ars + atu) T

du

T3 =aruT + apyP + awV + aovO — (aut + ave + avo + auv)U
dv

TS =auvU + amv W — (awy + avw)V
dw
T =avwV —aw W
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Numerical Instability Issues
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Figure : MC Iy, ion channel simulation driven by Action potential (V) at
time step h = 0.001,0.043 and 0.044 ms.
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Exponential Time Differentiation — Rush, Larsen (1978)

The exponential time differentiation scheme developed by Rush
and Larsen (1978) is efficient method for solving gate model:

Y a(V)A—y) ~ BV )
considering (V) and (V) constants we can obtain analytical
solution:
Y™ = yoo(V) = Iyso(V) — v exp(—h/7) (8)
where

° yoo(V) = a(V)/[a(V) + B(V)] — "steady-state" solution
o 7=1/[a(V)+ (V)] - "time constant"

@ h=tphr1 — t, — time step

o y" = y(tn)
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Generalized Rush-Larsen (gRL)

We can extend the exponential time differentiation for given
Markov chain di/dt = A(V/(t))d as:

it = exp[A(V(t))h] G" = T(V)a" (9)

Matrix T can be expanded using the definition of the exponential:

- Ah)f (51\5 " (SASLSAS~1...SAS L)
T =exp(Ah) = - =
Jj=0 j=0
> j
=S ( (A_’I’) ) S~ ! = Sexp(Ah)S~! (10)
J?
j=0

where matrix S(V/) is composed of eigenvectors concatenated as
column vectors; and matrix A(V') contains eigenvalues placed on
the corresponding places on diagonal, such that

A(V) = S(V)A(V)S(V) L.
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Tabulation (tab.)

Results

Because finding eigenvalues and eigenvectors is computationally
expensive:

@ we save the matrices S(\N/N) and A(V) for a fine grid of
physiological potentials: V' = (—100,70) mV with the step
0.01 mV.

° befczre nume~rica| soluti~on we pre-compute:
T(V) = S(V)exp(A(V)h)S(V)~*

@ The numerical solution:
it = T(Vyp))d" (11)

where \7j(n) ~ V(t,); and T( \7j(n)) is quickly substituted
during the solution.
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Hybrid method (hyb.): Operator Splitting (1/2)

In our system dii/dt = A(V/(t))d, the transition rates matrix can
be divided according to the transition rates speeds:

A(V) = Ag(V) + A (V) + Ax(V)

— ' QRs,QQT,QPUT QUO
* == QSR,QTQ,QUP ayy
—= ayy

=== apq,ayr "*T aop ey
~"~ QQR,aTSs St awv
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= agp,ary aou
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Figure : Transition rates of Iy, Markov chain model.
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Hybrid method (hyb.): Operator Splitting (2/2)

Then the solution can be split into three steps:

i"Y/3 = exp(hAo(t,))d" (12)
"2 = exp(hAy(t,))a" /3 (13)
iz :l—jn+2/3 + hAz(tn)L—in+2/3 (14)

o 1i"t1/3 — contribution from the Ag(t)
o i""2/3 — contribution from the Aq(t) + Ai(t)

e "1 — final solution at the time t,;1
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Hybrid method (hyb.): Solution for Ag(V) (1/2)

do

dr =apoP — aoyO (15)
dP

=agpQ — apoP (16)
dt
d
d(to =arQR — agp@ (17)
dR

- R 18
1 ORQ (18)
ds

- _ S 19
a T (19)
dT
E :(XSTS — aTuT (20)
du
a =aryT + aouO (21)
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Hybrid method (hyb.): Solution for Ag(V) (2/2)

0 =0opou + Po [QPO(MPO — MOU)} +

aou — &po
apoaqr(per — pou) apoaqr(ppo — pou)
+ Qo - +
(apo — agr)(aou — age)  (aro — agr)(aou — aro)
apoagrarQ(fLop — Hou)
+Ro |—
(aqp — are)(aro — agr)(aou — aqr)

apoaparQ(trPo — ou)

" {aer — are)(@ro — ar)(aou — aro)
apoagpara(Hre — ftou)

(agp — arq)(apo — are)(aou — are)

apoerare(tro — Hou)
_ (22)
(OéQP — aRQ)(ocpo — OéRQ)(OéOU - OCPO)

e Og, Py, Qo, Ry — initial conditions at t
® pjk = exp(—ayk(t — to))
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Figure : Cardiac excitation simulations with /Iy, Markov chain model.
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Table : Computational cost [s] during 100 pulses with cycle length of 1 s.

h =10 us h =40 us h =100 us
Ina Model Ina  Total | Iy,  Total | Iy, Total
Eul. 5.44 2401|129 6.02
Eul. (tab.) || 2.74 21.38 | 0.69 5.36
gRL (tab.) || 479 2436 | 1.23 6.23 | 0.54 245
hyb. 951 28.13|222 7.04 |0.79 283
hyb. (tab.) || 2.89 21.71 | 0.77 549 | 037 221
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