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Cellular Membrane

Cellular membrane potential governed by equation:

dV
dt =

1
Cm

[
Istim(t) −

N∑
k=1

Ik(V , ~X ,Popen)

]
(1)

V – membrane potential
Cm – membrane capacitance
Istim(t) – external stimulation current
Ik(V , ~X ,Popen) – specific ion current
~X (t) – ionic concentrations
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Ion Channel (1/2)

From the Ohm’s law:

Ik = GkPopen(t)[V (t) − Ek(Xk)] (2)

Gk – maximum conductance of specific ion current
Ek(Xk) – equilibrium voltage for specific ion (Nerst potential)
Popen(t) – open probability defined by one of the following ion
channel models:

Gate model
Markov chain model
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Ion Channel (2/2)

Gate model – Hodgkin, Huxley (1952)
dyi
dt = αyi(V )(1 − yi) − βyi(V )yi (3)

Popen(t) =
N∏

i=1
yi(t) (4)

where yi represents hypothetical gates; and transition rates
(αyi(V ), βyi(V )) are determined experimentally.
Markov chain model

d~u
dt = A(V )~u (5)

Popen(t) = u1(t) (6)

where u1 is open (conductive) state; and transition rates
matrix (A(V )) is determined experimentally.
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Sodium Channel Markov Chain (1/2)
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Figure : INa Markov chain model: 9 interconnected
dynamical states, state O denotes to conductive
open state (u1).
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Figure : Transition rates in the range of physiological potentials.
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Sodium Channel Markov Chain (2/2)
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dO
dt =αPOP + αUOU − (αOP + αOU)O

dP
dt =αQPQ + αUPU + αOPO − (αPQ + αPU + αPO)P

dQ
dt =αRQR + αTQT + αPQP − (αQR + αQT + αQP)Q

dR
dt =αSRS + αQRQ − (αRS + αRQ)R

dS
dt =αTST + αRSR − (αST + αSR)S

dT
dt =αQT Q + αST S + αUT U − (αTQ + αTS + αTU)T

dU
dt =αTUT + αPUP + αVUV + αOUO − (αUT + αUP + αUO + αUV )U

dV
dt =αUV U + αWV W − (αVU + αVW )V

dW
dt =αVW V − αWV W
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Numerical Instability Issues
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Figure : MC INa ion channel simulation driven by Action potential (V ) at
time step h = 0.001, 0.043 and 0.044 ms.
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Exponential Time Differentiation – Rush, Larsen (1978)
The exponential time differentiation scheme developed by Rush
and Larsen (1978) is efficient method for solving gate model:

dy
dt = α(V )(1 − y) − β(V )y (7)

considering α(V ) and β(V ) constants we can obtain analytical
solution:

yn+1 = y∞(V ) − [y∞(V ) − yn] exp(−h/τ) (8)

where
y∞(V ) = α(V )/[α(V ) + β(V )] – "steady-state" solution
τ = 1/[α(V ) + β(V )] – "time constant"
h = tn+1 − tn – time step
yn = y(tn)
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Generalized Rush-Larsen (gRL)
We can extend the exponential time differentiation for given
Markov chain d~u/dt = A(V (t))~u as:

~un+1 = exp [A(V (tn))h]~un = T (V )~un (9)

Matrix T can be expanded using the definition of the exponential:

T = exp(Ah) =
∞∑
j=0

(Ah)j

j!
=

∞∑
j=0

(SΛS−1)j hj

j!
=

∞∑
j=0

(SΛS−1SΛS−1 . . . SΛS−1)hj

j!
=

=S

(
∞∑
j=0

(Λh)j

j!

)
S−1 = S exp(Λh)S−1 (10)

where matrix S(V ) is composed of eigenvectors concatenated as
column vectors; and matrix Λ(V ) contains eigenvalues placed on
the corresponding places on diagonal, such that
A(V ) = S(V )Λ(V )S(V )−1.
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Tabulation (tab.)

Because finding eigenvalues and eigenvectors is computationally
expensive:

we save the matrices S(Ṽ ) and Λ(Ṽ ) for a fine grid of
physiological potentials: Ṽ = (−100, 70) mV with the step
0.01 mV.
before numerical solution we pre-compute:
T (Ṽ ) = S(Ṽ ) exp(Λ(Ṽ )h)S(Ṽ )−1

The numerical solution:

~un+1 = T (Ṽj(n))~un (11)

where Ṽj(n) ≈ V (tn); and T (Ṽj(n)) is quickly substituted
during the solution.
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Hybrid method (hyb.): Operator Splitting (1/2)

In our system d~u/dt = A(V (t))~u, the transition rates matrix can
be divided according to the transition rates speeds:

A(V ) = A0(V ) + A1(V ) + A2(V )
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Figure : Transition rates of INa Markov chain model.
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Hybrid method (hyb.): Operator Splitting (2/2)

Then the solution can be split into three steps:

~un+1/3 = exp(hA0(tn))~un (12)
~un+2/3 = exp(hA1(tn))~un+1/3 (13)
~un+1 =~un+2/3 + hA2(tn)~un+2/3 (14)

~un+1/3 – contribution from the A0(t)
~un+2/3 – contribution from the A0(t) + A1(t)
~un+1 – final solution at the time tn+1
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Hybrid method (hyb.): Solution for A0(V ) (1/2)

dO
dt =αPOP − αOUO (15)

dP
dt =αQPQ − αPOP (16)

dQ
dt =αRQR − αQPQ (17)

dR
dt = − αRQR (18)

dS
dt = − αST S (19)

dT
dt =αST S − αTUT (20)

dU
dt =αTUT + αOUO (21)
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Hybrid method (hyb.): Solution for A0(V ) (2/2)

O =O0µOU + P0

[
αPO(µPO − µOU)

αOU − αPO

]
+

+ Q0

[
αPOαQP(µQP − µOU)

(αPO − αQP)(αOU − αQP)
− αPOαQP(µPO − µOU)

(αPO − αQP)(αOU − αPO)

]
+

+ R0

[
− αPOαQPαRQ(µQP − µOU)

(αQP − αRQ)(αPO − αQP)(αOU − αQP)
+

+
αPOαQPαRQ(µPO − µOU)

(αQP − αRQ)(αPO − αQP)(αOU − αPO)
+

+
αPOαQPαRQ(µRQ − µOU)

(αQP − αRQ)(αPO − αRQ)(αOU − αRQ)
−

− αPOαQPαRQ(µPO − µOU)

(αQP − αRQ)(αPO − αRQ)(αOU − αPO)

]
(22)

O0,P0,Q0,R0 – initial conditions at t0
µjk = exp(−αjk(t − t0))
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Results (1/2)
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Figure : Cardiac excitation simulations with INa Markov chain model.
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Results (2/2)

Table : Computational cost [s] during 100 pulses with cycle length of 1 s.

h = 10 µs h = 40 µs h = 100 µs
INa Model INa Total INa Total INa Total
Eul. 5.44 24.01 1.29 6.02
Eul. (tab.) 2.74 21.38 0.69 5.36
gRL (tab.) 4.79 24.36 1.23 6.23 0.54 2.45
hyb. 9.51 28.13 2.22 7.04 0.79 2.83
hyb. (tab.) 2.89 21.71 0.77 5.49 0.37 2.21
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