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Certification of Global Attractors

() = F(x(@®) + G(x(©)u(t)

A
u(t) = u(x()) ‘

Optimization
Certification SEmACETIe

pragramming

Lyapunov
Control functions
Stability, safety, ’
disturbance
rejection,...

VW-(F+G-u)<0
VW-F+VUV-G-u<0

Lyapunov, A. M. A general task about the stability of motion.
Ph. D. Thesis, 1892.
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Certification of Milnor Attractors

2() = F(x(©)) + G(x(©))u(t) ‘
ufl)= u(x(t)) ‘

Lyapunov
Control densities

Optimization

e L. Semi-definite
Certification pragramming

Stability, safety,
disturbance

rejection,... 7 ((F+6G-up)>0
almost surely V-(Fp+G-u-p)>0

Rantzer, A. A dual to Lyapunov's stability theorem. 2001.
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Can We Certify Synchronization of Oscillators For Almost
All Initial Conditions?

Kuramoto Model

N L
bi=w+Y e0;—0),  &lp) =D axsin(ke+ B,

j=1 k=1

S LA
Mahmut Kudeyt, Aysegiil Kivilcim, Elif Koksal, Ferruh ilhan, Ozkan Karabacak: Kadir Has University
Certification of Almost Global Phase Synchronization of All-To-All Coupled Phase Oscillators



Almost Global Phase Synchronization of All-to-All Coupled Phase Oscillators
0000000000000 0000

Can We Certify Synchronization of Oscillators For Almost
All Initial Conditions?

Kuramoto Model

N L
bi=w+Y e0;—0),  &lp) =D axsin(ke+ B,

j=1 k=1

Phase shift symmetry (61, ,0n) — (01 + €, -+ ,0n + €) leads to
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j=1 k=1

Phase shift symmetry (61, ,0n) — (01 + €, -+ ,0n + €) leads to

Phase Difference Model
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Can We Certify Synchronization of Oscillators For Almost
All Initial Conditions?

Kuramoto Model
N L
bi=w+Y e0;—0),  &lp) =D axsin(ke+ B,
j=1

k=1

Phase shift symmetry (61, ,0n) — (01 + €, -+ ,0n + €) leads to

Phase Difference Model

ok = Fr(e1,- - on-1), Pk = O, — O,

[ Almost Global Synchronization of Kuramoto Model ]

[ Origin of the Phase Difference Model is a Milnor attractor ]
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Can We Certify Synchronization of Oscillators For Almost
All Initial Conditions?

Phase Difference Model

p=F(¢), @elo,2m)"L.
Using the stereographic projection ¢y — xx = cot(p/2)

Rational Function Model

x=F(x), xeRN"L
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Can We Certify Synchronization of Oscillators For Almost
All Initial Conditions?

Phase Difference Model

p=F(¢), @elo,2m)"L.

Using the stereographic projection ¢y — xx = cot(p/2)

Rational Function Model

x=F(x), xeRN"L

[ Almost Global Synchronization of Kuramoto Model ]

[ Origin of the Phase Difference Model is a Milnor attractor ]
Y

[ The divergence of almost all solution on Euclidean space to infinity |
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Lyapunov Functions vs Lyapunov Densities

If V(x) is nonnegative, radially unbounded

and VV - F < 0 then x(t) — 0.

X1

If p(x) is positive, integrable away from zero
and V(p- F) > 0 then a.e. x(t) — 0.

——X13—X2
e g8
Xp = —X; + X1

g
/,,/‘: T
S

{0 ORI NNNR

X1 = —2x1 +x12 —x3.
X2 = —2x + 2X1X%2.
Dl - (x1. X2) )
- » p(X1. =
V(xi.x) =X +x3 | ) P, % (xF +x3)*
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Divergence of Solutions to Infinity

| 3 a positive p € CH(RV"1R), V- (pF)(x) >0 for x e RV 1. |
Y

| Almost all solutions of x = F(x) diverge to infinity. |

Rational Function Model: F(x) =

Pp qg—Pp-Vq
SOS Condition: V - ( ( ) >0
q 2
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Divergence of All Solutions to Infinity

axq ><22 + b><13 i cxlzxz + dx23
4 4 X2 = 7 4
X{+x5 +1 X{+x5 +1

X1 =

Choosing p(x1,x2) = x{ + x5 + 1, we obtain V - (Fp) = (3b + ¢)x? + (a + 3d)x2.

at)

(b)a=-001b=-08c=-00landd=-03.

(@)a=-0.1b=08c=02andd=05.

Almost all solutions diverge to infinity if 3b+ ¢ > 0, a+3d>0

., <
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From Rational Polynomial Model
to Phase Difference Model

| The divergence of almost all solutions on Euclidean space to infinity |
777

| Origin of the Phase Difference Model is a Milnor attractor |

| Almost Global Synchronization of Kuramoto Model |
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From Rational Polynomial Model
|

to Phase Difference Model

The divergence of almost all solution on Euclidean space to infinity

I
| xT(t) = (xlT(t),. .,xA’,Cl(t)), X7 (£)|| — oo, namely, xk(t) — oo for some k. |

N—-1
)

Almost all sol. of phase dif. mod. converge to the set U {¢] =0}.

k=1

N—1
Almost all sol. of Kuramoto model converge to the set U {Gﬂ— = OhT}.
K K
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From Rational Polynomial Model
to Phase Difference Model

Using the full permutation symmetry of Kuramoto model,

N—1
Almost all sol. of Kuramoto model converge to the set U {Gtr = 0h7—}.
k k

{

N—1
Almost all sol. of Kuramoto model converge to W(T) = ﬂ U {07(1‘[) = av(h[)}'
~eSN k=1
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The Language of Equivariant Dynamics

N—1
Almost all sol. of Kuramoto model converge to A(T) = ﬂ U {97({) = G’Y(hz_)}
~esh k=1

Kuramoto model (F) is Sy-symmetric: Foy=~voF, Vy €Sy
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The Language of Equivariant Dynamics

N—1
Almost all sol. of Kuramoto model converge to A(T) = ﬂ U {Gw(t;r) = G’Y(hz_)}
~esh k=1

Kuramoto model (F) is Sy-symmetric: Foy=~voF, Vy €Sy

For a subgroup I' C Sy, Fix(I') = {x € [0,27) | v(x) = x,Vy € ['} is F-invariant.
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The Language of Equivariant Dynamics

N—1
Almost all sol. of Kuramoto model converge to A(T) = ﬂ U {Gw(t;r) = G’Y(hz_)}
~esh k=1

Kuramoto model (F) is Sy-symmetric: Foy=~voF, Vy €Sy

For a subgroup I' C Sy, Fix(I') = {x € [0,27) | v(x) = x,Vy € ['} is F-invariant.

For x € [0,27), Tx = {7y € Sy | 7(x) = x} is called the isotropy subgroup of x.
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The Language of Equivariant Dynamics

N—1
Almost all sol. of Kuramoto model converge to A(T) = ﬂ U {Gw(t;r) = G’Y(hz_)}
~esh k=1

Kuramoto model (F) is Sy-symmetric: Foy=~voF, Vy €Sy
For a subgroup I' C Sy, Fix(I') = {x € [0,27) | v(x) = x,Vy € ['} is F-invariant.
For x € [0,27), Tx = {7y € Sy | 7(x) = x} is called the isotropy subgroup of x.

1 and T are said to be conjugate if there exist a v € Sy such that o =~ 0y
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Conjugacy Classes of Isotropy groups of 57
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A A P

Proper Colorings

1
2
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Main Result

Zn: Conjugacy classes of isotropy subgroups of Sy

Z7: Conjugacy classes of isotropy subgroups assoc. to proper colorings of the tree 7.
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Main Result

Zn: Conjugacy classes of isotropy subgroups of Sy
N—1
AT =N U =0%0nt= U UFx®.

reiy\Ir fer
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Main Result

Zn: Conjugacy classes of isotropy subgroups of Sy
Z7: Conjugacy classes of isotropy subgroups assoc. to proper colorings of the tree 7.

N—1
am= N U g =tent= U Ur®,

~esN k=1 rein\Ir fer

| 3 a positive p € CY(RY"1R), V - (pF7)(x) > 0 for almost all x e RV 1. |

[ Almost all solutions of the Kuramoto model converge to A(T). |
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Colorings-Isotropy Classes
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Canonical Trees For N =7

1 2 1 3o 4
3 2 . 4 2 5
4 5 3 6
5 6 7
6 7
7
(b) (2.5)-Tree (¢) (3.4)-Tree

(a) (1,6)-Tree
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Isotropy group S;

S1 % 86

/ 57
s
S1% 81 % S5

W
Ny
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zx;\
1% 5;
SI XS XS X5

\\ S3x Sy
M
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From Rational Polynomial Model to Phase Difference
Model for Spanning Trees

Corollary

Let Tq,.. ’TN 2| be spanning trees corresponding to partitions of N into
(LN 1), (LN/2J N —[N/2]).
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From Rational Polynomial Model to Phase Difference
Model for Spanning Trees

Corollary

Let T1,.. TLN 2| be spanning trees corresponding to partitions of N into
(LN 1), (LN/2J N —[N/2]).

Assume that Vk € {1,...,|N 2j} 3 a positive px € CL (RN~ R) such that
V- (pxF7.)(x) >0 forx €R
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From Rational Polynomial Model to Phase Difference
Model for Spanning Trees

Corollary

Let T1,.. TLN 2| be spanning trees corresponding to partitions of N into
(LN 1), (LN/2J N —[N/2]).

Assume that Vk € {1,...,|N 2j} 3 a positive px € CL (RN~ R) such that
V- (pxF7.)(x) >0 forx €R

Then, almost all solutions of the Kuramoto model are phase synchronized.
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Almost global stability for Kuramoto Model for N = 3

Example

Consider the Kuramoto model for N = 3 (Ashwin, et.al., 2008) with the coupling

function
—sin(x + a) + rsin(2x).

g(x)
0y — 05.

We define pY1 = 91 = 93 and P2

Kadir Has University
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Almost Global Stability for Kuramoto Model for N = 4

Example

Consider the Kuramoto system for N = 4 (Ashwin, et.al., 2008) with the coupling

function
g(x) = —sin(x + ) + rsin(2x).

We choose a spanning tree 7’14 such that o1 =601 — 03,9020 =603 — 02,03 =0 — 04 :
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Almost Global Stability for Kuramoto Model for N = 4

Parameter plane for 77*

0.54
0.45
0.4+
0.35
0.31

- 0.25
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Van der Pol Oscillators

Consider three identical van der Pol (VDP) systems given by

3
, X
X =z + X — ?’-I-Za(xj-—xl'),
J#i
Z';Z(Cfx,'), I'=1,2,3.

For 0.5 < ¢ < 1, the bifurcation diagram of c is
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Van der Pol Oscillators

For the coupling function

g(x) = arsin(x + B1) + azsin(2x + B2) + azsin(3x + B3),

P

0.5 NONE

0.5867 | 3.08 — 1.12y; — 1.12y5 + 2.52yZ — 0.2y1y» + 2.52y4
0.6153 | 3.09 — 2.05y; — 2.05y> + 2.56y7 + 2.44y1y> + 2.56y5
0.6437 | 2.67 — 3.05y; — 3.05y> + 2.55y7 + 1.88y1y> + 2.55y%
0.6718 | NONE

0.6996 | 2.16 — 3.56y; — 3.56y2 + 2.54yZ + 3.91y1y» + 2.54y2
0.7269 | 1.98 — 3.66y; — 3.66y2 + 2.61yZ + 4.5y1y> + 2.61y3

0.7539 | NONE
0.7802 | NONE
0.986 | NONE
0.9998 | NONE
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Future Works

» Other connection structures

» Designing synchronizing feedback
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